Even in the presence of conservation laws, one can perform arbitrary transformations on a system given access to an appropriate reference frame. During this process, conserved quantities will generally be exchanged between the system and the reference frame. Here we explore whether these quantities can be separated into different parts of the reference system, with each part acting as a 'battery' for a distinct quantity. In particular, for systems composed of spin-1 2 particles, we show that it is possible to separate the three components of angular momentum Sx, Sy and Sz in this way, which is of particular interest as these conserved quantities do not commute. We also give some extensions of this result to higher dimension.
I. INTRODUCTION
Conservation laws are amongst the most important and widely used aspects of physics, greatly restricting the possible transformations that an isolated system can undergo [1] [2] [3] . However, when a system is not isolated but allowed to interact with other systems, with conservation laws applying only globally, much greater freedom is possible [4] [5] [6] [7] [8] [9] . The situation is particularly interesting in quantum theory, where different conserved quantities may not commute (such as the different components of angular momentum), and interference effects are crucial.
Perhaps surprisingly, it has been shown that any transformation of a quantum system can be implemented, as long as one has access to an appropriate ancillary system [6] [7] [8] [9] . This additional system plays a dual role of providing a reference frame for the transformation, and acting as a reservoir which can exchange conserved quantities with the system.
During the system's transformation it will generally exchange many different conserved quantities with the reference frame. An interesting question is whether these different conserved quantities can be separated into different parts of the reference system, with each part effectively acting as a 'battery' for a specific conserved quantity. When the conserved quantities commute, in some cases we can construct a reference frame that separates the charges physically [10] . The question, however, becomes substantially more complex when the conserved quantities do not commute, and this is the case we address in this manuscript.
As a concrete example, consider rotations of a spin-1 2 particle in the presence of angular momentum conservation. We would like to be able to localise any changes in the three components of spin s x , s y and s z of the spin-1 2 particle within different subsystems in the reference frame. In this paper, we show that this is indeed possible. Furthermore, our approach will generalise to any unitary transformation on any number of spin-1 2 systems. In fact, as the spin operators plus the identity provide an operator basis for a two-dimensional system, the above procedure can be understood as separating out a basis of extensive conserved quantities for any two dimensional systems. In an appendix, we show that a similar approach can be used to separate extensive conserved quantities for any system of dimension 2 n . These results address a fundamental aspect of conservation laws in quantum theory. Furthermore, they are of particular importance in quantum thermodynamics, which has recently been extended to multiple conserved quantities [10] [11] [12] [13] [14] [15] [16] , and where batteries for storing conserved quantities are of particular interest. tal angular momentum of the system and reference frame is conserved, (ii) any unitary transformation can be implemented on the system with arbitrary precision, and (iii) any changes in the average angular momentum components of the system are stored in different parts of the reference system (up to arbitrarily small correction terms). Essentially, we can think of the reference system as being partitioned into three separate batteries, each of which stores a different component of angular momentum.
The reference system must define the x, y and z directions in order to allow rotations of the system about these directions via a rotationally invariant interaction. One way to construct a reference frame for the x-direction would be to prepare a number of spins all pointing in the x-direction (as in [9] ). This could be used to implement a rotation of the system about x, but each spin in the reference frame would generally accumulate changes in both s y and s z , thus not separating the conserved quantities. The key intuition behind our approach is that there is an alternative way to define the x-direction. Instead of aligning each spin in the reference frame along the x-direction, we prepare pairs of spins pointing in the y and z direction, and implement a cross product via the interaction. In this way, each spin in the reference frame accumulates changes in only one component of spin, and thus the different conserved quantities can be separated.
Our result is formalised in the following theorem. There, the total spin of the system is denoted by s, with components {s k } k:x,y,z ; the total spin of the j-th component of the reference frame is denoted by s (j) , and has components {s (j) k } k:x,y,z ; and finally, the total spin operator of the system and frame is denoted by S, and its components given by S k = s k + s R k , k = x, y, z. Theorem 1. Let the system S be a spin-1 2 particle. Then for every ǫ > 0 and δ > 0, there exists a reference frame R (composed of a large number of spin-half particles) with a fixed state
R , such that for every unitary U S on the system there exists a joint unitary V on the system and reference frame with the following properties:
• Conservation: V conserves all components of total angular momentum S, i.e., [V, S] = 0.
• Accuracy: V effectively implements U S on the system with precision ǫ, i.e., for any initial system state ρ S ,
• Separation: Each component of angular momentum of the system is exchanged only with the corresponding part of the reference system, up to precision δ:
where ∆s j is equal to the change in the average angular momentum of the system in the j-direction, and ∆s
is equal to the change in the average angular momentum of the k-th part of the reference system in the j-direction.
Proof. The key is to consider the following operator acting on three spin-
where s is the vector of spin operators of the system and s (k) corresponds to the spin operators of reference frame particle k. The sub-index j in the spin operators denotes the spin component in the j direction, and ǫ jkℓ the Levi-Civita tensor. For simplicity we have set = 1, so each spin operator is equal to half the corresponding Pauli operator. We can now construct a unitary interaction between three qubits given by
Note that T is a 'scalar' in R 3 and hence commutes with rotations there. The generator of these rotations is precisely the total spin operator S = s + s (1) + s (2) , hence T and V α commute with S (we will present an alternative proof of this fact in Appendix B 1). In particular this means that V α preserves the conserved quantities S x , S y and S z , and hence satisfies [V α , S] = 0.
In addition, consider the particular operator basis for the Hilbert space of a spin- 
Suppose that we want to implement a small rotation of the system about the x-direction, given by U α,x = exp −i α N s x . To do this we prepare a reference frame in the state τ (1) y ⊗ τ (2) z and act with V α on the system and reference frame. Then
In this way, the state τ
defines a reference frame for the direction x.
Similarly, due to the cyclic symmetry of the spin operators, we can generate a small rotation of the system about the y-direction or z-direction by acting with V α on the system and a reference frame in the state τ
respectively. We now consider how the angular momentum in the reference system changes under this transformation. For the x-rotation of the system given by Eq. (6),
where in the last step we have noted that the expression is only non-zero when ℓ = z, k = x and j = y, and used the spin commutation relation [s a , s b ] = iǫ abc s c . Similarly
Hence to leading order, the first reference system only picks up z-spin, and the second reference system only picks up y-spin. As total angular momentum is conserved, it follows that the change in the system's angular momentum obeys
Similar results hold for small rotations about the other axes, with the two components of angular momentum that change (perpendicular to the axis of rotation) being separated into the two different reference systems. For example, when performing a small y-rotation with the frame τ
x , to first order in 1 N only the x-spin of the first reference particle and the z-spin of the second reference particle are modified. Intuitively, neither reference system changes its spin-component parallel to the axis of rotation of the system, and each reference spin does not change its spin-component parallel to the direction it was originally pointing in, as it is maximal in this direction and we are considering only first order changes.
Neglecting an irrelevant global phase, a general single-qubit unitary can be written as U S = exp (−iH), where H = k=x,y,z α k s k . Similarly to Ref. [9] , U S can be implemented by performing a sequence of N small rotations
To implement each U H we use 6 spin- 
The reference system τ (j|k) is used in small rotations about the k-axis, and only experiences significant changes to its j-angular momentum (i.e., it belongs to the battery for j-angular-momentum).
In particular we can implement U H by first applying V αx to the system and the first two reference spins, then V αy to the system and the next two reference spins, then V αz to the system and the last two reference spins. Following a similar approach to Eq. (6), we thereby obtain
By iterating this procedure N times using the reference frame ρ R = τ ⊗N R , we will approximately implement the desired transformation
Defining the full sequence of transformations by V , we note that as this is a sequence of V α transformations, each of which conserve the three components of angular momentum, V will satisfy the conservation property [V, S] = 0.
The error in implementing U S is bounded by the sum of the errors from each step, giving a total
which proves the accuracy property in Eq. (1) by suitably choosing a sufficiently large N according to the value of ǫ.
To prove the separation property, first re-order the reference frame systems such that all particles labelled τ (j|k) are in a separate component of the reference system ρ (j) (the j-angular momentum battery). Then, Eq. (9) and its equivalents for y and z rotations, together with the fact that there are only 2N spins in each component of the reference system, imply that ∆s j + ∆s
For any δ, we can therefore choose a sufficiently large N such that Eqs. (2) and (3) (2) . These commute with all extensive conserved quantities and do not require the use of a reference system. Thinking of our spin-1 2 systems as qubits, we know that the ability to perform all single-qubit unitaries plus any particular interacting two-qubit unitary is computationally universal [17] . Hence we can construct a circuit to approximately implement any unitary transformation on any number of spin-half systems, whilst storing any changes to angular momentum in different batteries.
III. BEYOND QUBITS
We will now consider whether we can separate changes in conserved quantities for higher dimensional systems, with dimension d > 2.
Let us first consider angular momentum conservation of spin s systems, with dimension d = 2s+1. In this case, we can use essentially the same procedure as above (now taking τ j as the eigenstate of s j with maximum spin in the j-direction, and V α = exp{−i α s 2 N }) to approximately implement any single system rotation of the form e −iθ n·s on a spin-s system, whilst conserving the three components of total angular momentum S x , S y and S z . Any changes in angular momentum will be separated into three different 'batteries' as before. Furthermore, we could again implement interacting unitaries between different spins such as e −iθ s (1) ·s (2) , as this is rotationally invariant. However, unlike in the case of spin- Moving from angular momentum conservation to more general conservation laws, we would expect a maximum of K = d 2 − 1 independent conserved quantities for a d dimensional system, as we need this many operators plus the identity to form an operator basis. An interesting question is whether we can construct a complete basis of conserved quantities, such that arbitrary unitary transformations of a system can be performed whilst separating the changes in all of these conserved quantities into different 'batteries'. In appendix B, we generalise our previous proof to show that this is possible in any dimension in which there exists a set of K Hermitian operators O k (for k = 0, 1, . . . K − 1) with the following properties:
These operators correspond to a complete set of conserved quantities, and together with the identity they form an orthogonal operator basis for the d-dimensional system. When we can find such an operator basis, it is possible to implement any unitary transformation on any number of systems with arbitrary accuracy using a fixed reference system, whilst conserving all extensive conserved quantities, and separating any changes in the expectation values of each conserved quantity O k into a different part of the reference system (up to arbitrarily small corrections).
One example of a case in which this is possible is when the system has dimension 2 n , when we can take the operators O k to be tensor products of the spin operators and I 2 . We provide an extensive discussion of this example in Appendix B. Note that this is not the same as considering n spin- 1 2 particles, as there are many more conserved quantities for the d-dimensional system than simply the three components of total angular momentum. It remains an open question whether it is possible to find such a basis in other dimensions, or whether a different approach will work in such cases.
IV. CONCLUSIONS
We have shown that it is possible to perform an arbitrary unitary transformation on any number of spin-1 2 particles whilst respecting angular momentum conservation, in such a way that any changes in the three components of angular momentum are separated into different 'batteries'. Any errors in this procedure can be made arbitrarily small by making these batteries sufficiently large.
The study of quantum thermodynamics has recently been extended to other conserved quantities besides energy, and this result allows one to consider explicit batteries for the angular momentum. The fact that the different components of angular momentum can be separated in this way is particularly surprising given that they do not commute.
Similar results can be straightforwardly obtained for spatial rotations (but not arbitrary unitaries) of higher spin systems. Two possible approaches to extend these results to arbitrary unitaries for such systems would be (i) to see whether a complete set of single system unitaries could be performed using a sequence of single qubit rotations and rotationally invariant interactions on the system and ancillas (which are used catalytically, and returned arbitrarily close to their initial state), or (ii) to note that the spin operators for any dimension obey the desired properties of the operators O k described above, and to investigate whether they can be complemented by other operators obeying these properties in order to obtain a complete operator basis.
For systems of dimension d = 2 n , a complete set of conserved quantities can be constructed such that arbitrary transformations on the system can be implemented while separating the changes in each conserved quantity in a different battery. An interesting open question is whether this can be achieved in arbitrary dimension, and which noncomplete sets of conserved quantities allow for arbitrary unitaries to be performed whilst separating any changes in those conserved quantities into different batteries. 
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Proof of Equation (6)
To provide an explicit bound for Eq. (6), we must first show that
where
Expanding the exponentials we obtain
where in the fourth line we have used the fact that there are 6 non-zero terms in T = j,k,ℓ∈{x,y,z} ǫ jkℓ s j ⊗
ℓ , each of which has operator norm
On the other hand, applying Eq. (D5) of Ref. [9] to our setup yields
where U α,x = exp −i α N s x . Combining Eqs. (A3) and (A4) through the triangle inequality, we obtain
where we have used the fact that tr (7) and (8) Applying similar arguments to those in Eqs. (A1) to (A3) to the changes in spin given by Eqs. (7) and (8) we obtain
Proof of Equations
3. Proofs of Equations (12), (13) and (14) Let us start by proving Eq. (12) . When considering a general small rotation, we must obtain a bound on
Following a similar argument to that below Eq. (D7) of Ref. [9] , expanding the unitaries and collecting terms in 1 N n for n ≥ 2 we obtain at most 6 n contributions (as each of the 6 unitaries could provide each power of n where α max ≤ π. Each term also contains the trace norm of an operator with n copies of T , acting on different parties, distributed either before or after the initial state. Following the argument above Eq. (A3), such a term is upper bounded by 3 4 n . Combining all of these observations we obtain
For N ≥ 36π we therefore obtain ζ ≤ 648π 
for sufficiently large N . Iterating this transformation N times and using the inductive argument in Appendix C of Ref. [9] , gives
This completes the proof of Eq. (12) . To now prove Eqs. (13) and (14), we can apply a similar argument as above. This leads to ∆s j + ∆s
from which the argument follows.
Appendix B: Separating conserved quantities for higher dimensional systems
Here we present a generalisation of the reference frame of Section II, and of the operator T of Eq. (4), to higher dimensional systems. In particular, we give sufficient conditions to be able to construct a complete basis of extensive conserved quantities for such systems, and a reference frame that allows us to perform arbitrary unitary transformations of the system whilst storing any changes in these conserved quantities in different batteries (up to arbitrarily small corrections).
Consider a system S, of dimension d > 2. In this case there exist K = d 2 − 1 possible linearly independent conserved quantities, where without loss of generality we do not include the scalar. In what follows, we will consider the case in which there exists a particular choice for these conserved quantities given by K Hermitian operators M = {O k } k=0...K−1 with the following properties
Together with the identity these operators form an orthogonal operator basis for the d-dimensional system. In (iii), note that the constant of proportionality could depend on k and ℓ, and that m = ℓ as tr . To do this, we first prepare a reference frame consisting of D = K − 1 particles of the same type as the system, initialised in the state
Given that the operators O k are traceless and orthogonal, it follows that
A generalisation of the interaction T of Eq. (4) to systems of arbitrary dimensions is Notice that for d = 2, f is just the antisymmetric symbol ǫ ijk . In addition, when d = 2 and M = {s k } k=x,y,z , we recover the interaction defined in Eq. (4) and the batteries defined in Section II.
The main requirement that T should satisfy is [T, C] = 0 for any extensive conserved quantity C. We will show this in the next subsection, but for now we focus on using it to perform transformations of the system. The operator T allows us to define a global unitary interaction among K systems given by
similarly to Eq. (5). The effective action of this global unitary V on our system A is given by tr R V ρ S ⊗ ρ R V † . Computing this trace, we find that only the term in T containing f 012...D gives a non-zero contribution to first order in 1 N , leading to
Similarly we can perform the small unitary transformation U α,r = exp(−i α N O r ), generated by an arbitrary operator O r by preparing the reference frame such that ρ Next, let us see how the the conserved quantities are stored in the batteries (i.e., the reference frame). For simplicity, we again consider implementing the small transformation U α,0 generated by O 0 on the system. The change in the conserved quantity O k for particle r in the reference frame is given by
. . ⊗ I is the operator that is I everywhere except for the r-th frame particle where it is O k . Expanding V to first order in 1 N we obtain
Now notice that the sum in Eq. (B5) consists of two terms: {a = 0, a r = r} and {a = r, a r = 0}, since any other assignment of values to a or a r will render f a,1,...,r−1,ar,r+1,D = 0. Hence,
Using
So far, we have only used the first two properties of the operators O k . Given the third property that the operators are closed under commutation, we find that either [O 0 , O r ] = 0, in which case the r th subsystem in the reference frame accumulates no changes in any conserved quantity (i.e., ∆O
In the latter, the r th subsystem will only accumulate changes in the conserved quantity O m (i.e., ∆O r k = 0 unless k = m). As each subsystem accumulates changes in at most one conserved quantity, it is possible to separate all of the conserved quantities into different batteries. A similar result will apply for small rotations generated by any O k and thus for the overall transformation.
T preserves extended conserved quantities
In this subsection, we show that T commutes with all extensive conserved quantities. Let us begin by revisiting the case with d = 2, where our conserved quantities are s x , s y and s z , as presented in Section II. Here, T acts on three particles as
Now consider the conserved quantity corresponding to the total angular momentum in the x-direction, S x = s x ⊗ I ⊗ I + I ⊗ s x ⊗ I + I ⊗ I ⊗ s x , which is the sum of the angular momentum of the three individual particles in the x-direction. The commutator [S x , T ] may be expressed as
We will now see how each term in each sum is either zero or cancelled out by a similar term appearing in a different sum but with the opposite sign. First, note that all terms in the final answer must contain the same spin operator on exactly two particles and a different spin operator on the third particle. This is because a, a 1 , and a 2 must all be distinct in order for f aa1a2 to be non-zero, and the spin operator generated by the commutator is different from the spin operators appearing within it. As an example, a term proportional to s y ⊗ s y ⊗ s x can be generated by [s x , s z ] ⊗ s y ⊗ s x and s y ⊗ [s x , s z ] ⊗ s x . The former of these will contribute to [S x , T ] with a coefficient f zyx via the first sum, whereas the latter will contribute with a coefficient f yzx via the second sum. As f zyx = −f yzx these two terms will cancel out, and the same applies to all other terms, giving a total commutator of zero. Now let us see how a similar reasoning applies to the higher dimensional case. We want to show that the total conserved quantity O
We will see how each term in [O Let u be such that a u = b, and for simplicity, and without loss of generality, assume u > r. Hence, n . Here, we can indeed find an operator basis with the properties specified above, and can thus separate any changes to a complete basis of conserved quantities. In particular, we take the set M of K = 4 n − 1 operators {O k } to consist of products of spin- 
Explicit bounds
As in the previous case, we can also calculate explicit bounds on the O 1 N 2 terms in the bounds above, using similar techniques to those in Appendix A and in [9] .
In particular, we find
where we have used an approach similar to that in the derivation of Eq. ( 
Combining Eqs. (B10) and (B11) through the triangle inequality, we find
Finally, following a similar approach we obtain
In the particular case considered above of dimension d = 2 n , in which the operators O k are products of spin-
